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Section: A
Questions number 1 to 10 carry 1 mark each.

Question: 1 [1]
1

Evaluate, [ ————
X + X logx

Answer:

1 dx
Let, = || ———— dx= | ——
¢ -[(x+xlongdx -[x(1+logx)

Let,1+logx =t

(1jdx =dt
X

: |:j[“t'tj:|og|t|+c =log|1+logx | +C

Question: 2 [1]
1 1
Evaluate: d
{(«/2x+3jx X
Answer:
1 1
t 1 T ¥ (2x+3)E > 3
— OX = 2X+3 xdx = = 32 :\/g—\/g
'.[[\/ZXJrde '([( )

Question: 3 [1]
If the binary operation *, defined on Q, is defined asa*b =2a + b - ab, for all a, b e Q, find the
value of 3 * 4.

Answer:

Given binary operation is
a*b=2a+b-ab

3% =2x3+4-3x4=>3%4=-2

Question: 4 [1]
[y+2x SJ_( 7 SJ
gl 3 -2 3 , find the value of y.
Answer:
. . . . (y+2x 5 7 5
Using equality of two matrices in, =
-x 3 -2 3
We get
y+2x=7

X=-2 = Xx=2
LYy+22=7=y=3
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Question: 5 [1]

Find a unit vector in the direction of a8 =2i—3j+6K .

Answer:

Unit vector, a = {%]
a

)= (@7 +3+ (67 ~4+3+36 - A3 = 6557 22K

Then,

Question: 6 [1]
Find the direction cosines of the line passing through the following points :(-2, 4, -5), (1, 2, 3)

Answer:

Step: 1

Let, OA =—2i +4j-5k
OB =i+2j+3k
-~ AB=OB-OA =(i+2]+312)—(—2?+4]—5|2) =3i-2]+8k

Step: 2
AB = [(3) +(-2)° +(8) =o+4+64 =77
Step 3
. . . 3 -2 8
The direction cosines are, | —— |,| — || =—
( 77) (ﬁ) (ﬁ)
Question: 7 [1]
2 3 -5 2 1 -1
if A=(a;)=|1 4 9 |andB=(a;)=|-3 4 4 |thenfind a + by
07 2 1 5 2
Answer:
ayp =4,by=-3
azz+b21:4-3:1
Question: 8 [1]

If ‘é‘ = ﬁ‘ﬁ‘ =2, and ab =3, find the angle between a, andb .

Answer:

As we know,éxB:‘éHB‘cose :E:E(Z)cosﬁ 3%20089 :G:g
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Question: 9

1 2
A3 2 -
If 4 2 then find the value of k if [2A] =K|A[

Answer:
. (1 2] (2 4)
Given, A = = 2A =
4 2 8 4
~|2A|=8-32=-24 = |A|=2-8=-6 = -24=Kk(-6)= 4=k

Question: 10
Write the principal value of tan® {tan[g—;j}

Answer:

tan? tang—n =tan* tan n—f =tan* i
4 4

.. Principalvalueof, tan™ {tan( j}

(1]
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Section: B

Question: 11 [4]
(cosx)dx
(2+sinx)(3+4sinx)

Evaluate, j

Answer:
(cosx)dx
(2+5sinx)(3+4sinx)

:IL
(2+1)(3+4t)
1 A B
Let’{(2+t)(3+4t)}: o + T =1=A(3+4t)+B(2+t) =3A+2B+1
4A+B=0=B=-4A
.3A-8A=1

A=—§:>B=g :':J{(ZH)?%M)}:{_Elxj(zd_;j}Jr{ng[BthJ}

(Iog|2 )+ (Mj _gl(log|2+sinx|)+%(Iog|3+4sinx|)+c

4
—_—1>< log
5

J+e

Evaluate, X xc0s xdx

where, sinx =t, and cos x dx = dt. Then

Let,| = j

3+4sinx
2+sinx

OR

Answer:

:{(coslx)x—;}—{ j ( \/f_dT (%}d } (Integrating by sections)
={§(cos‘lx)}+{ (fi } X (cosx) {%(h)}

Inly, let 1 —x° =t so that — 2x dx = dt
Inl, letl—x*=t

|1=—%xj(l\_ﬁt t———x( \/_jd ——x{zf ( jt2}+C
i {g(coslx)}_{g(l_ v )3}+ c
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Question: 12 [4]
Show that the relation R in - the set of real numbers, defined as R = {(a, b) : a <; b’} is neither
reflexive, nor symmetric, nor transitive.

Answer:

It can be observed that R is not reflexive. Now, (1,2) e Ras 1< 2°. But, 2 is not less than 1°.
~(2,1)¢R

~ R is not symmetric.

Now, (5, 3), (3,2) e R(as 5<3°=9,and 3< (2)%=4)

But, 5> (2)’= 4

~(5,2)¢R

~ R is not transitive. Therefore, R is neither reflexive, nor symmetric, nor transitive.

Question: 13 (**)

If log (x*+y?) = 2 tan'l(x) _then show that, 3 _ X*Y
X dx x-y

Answer:

OR

d2
Ifx=a(cost+tasint),andy=a(sint—t cost), then find [d—y]

X2
Answer:
Givenisx=a(cost+tasint),andy =a(sint—t cost)
dy . . .
= —= =aj-sint+(t.cos t+sint.1)} = at.cos t.............. [
¥ —af-sint-+( ) ()
dy . . -
=" a[cost —{t(-sint)+ cos.l}] =at.sint............ (ii)
o)
from (i), and (i), we get, dy = dt _atsint tan t
dx (dxj at.cos t
dt
2 2 2 3
Now, IV _sectt[ I 5 9Y _geery| L _ dy _ sectt
dx? dx dx? at.cos t dx? at
Question: 14 [4]

Find the equation of the tangent to the curve y = /4x—2 which is parallel to the line 4x — 2y + 5 =
0.

Answer:
Since the tangent to the given curve is parallel to the line 4x - 2y + 5=0

—4
Slope of the tangent = Slope of the given line = [—Zj =2
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(g—yj , the slope of the tangent,
X

dx  23x—-2 23x-2 23x-2

d3x-2 _ 1x3 3 3 =2=%m

=3x-2= % (squaring both sides)

48x -32=9
41

X =—
48

s [ o) o

48
(23

Equation of the tangent to the curve,

(]

4
or, y—§=2(x—ﬂj.
4 3

Simplified equation is, 48 x - 24y = 23.

Question: 15 [4]
Prove the following: tan1 1 +tant 2 =lcos'1 3

4 9 2 5
Answer:

L.H.S.= We shall rewrite the question as prove, 2x{tan_l(dlr)+tan_1(§j:cos_l(zj}

34 2

)
4
By taking, x:[lj,andy:(zjweget, X+y 4.9 = (17}{36) :17—1
4 9 1-xy {1_(1X2j} 36) (34
4 9

Substituting in the above formula we get, L.H.S. = {tanl (ij tan™ (;j} =tan* (;)

1 5 2%

. X

By taking, x=| = |, =

oo x e (o)
4

Substituting in the above formula of 2tan™* x we get, 2tan™ @) =tan* (:j
x—(4jweget o ! _3
3 ’(1/1+X2) { 16} 5
o

By substituting in the formula, tan*x =cos™ 1w get, tan™ [4j =cos™ [3j
1+ x2 3 5
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Then L.H.S. becomes, 2tan‘1[;) = tan‘l(gj = cos‘l(gj =R.H.S.

Question: 16 [4]
. . x+1 3y+5 3-z
Find the angle between the line = 9 = 5 ,and the plane 10x + 2y -11z = 3.
Answer:
b5
(=1 _
Given line can be rearranged to get, X ; ) = 3 3)) _z 63

Its direction ratios are 2, 3, 6. Direction ratios of normal to the plane 10x + 2y -11z = 3 are 10, 2, -
11. Angle between the line, and plane

sing = (2X1O)+(3X2)+{6(_11)} —{(20+666)}—(40j sinez—(Sjorezsinl—(Sj
21 21

(44 +9+ 36) x (4100 +4 +121) (7x15) 105
Question: 17 [4]
Solve the differential equation: (x*+y3)dy — x2y dx = 0.
Answer:
2
(x3 + y)3 dy — x¥®=%s rearranged as dy Xy
dx X3 +y3

It is a homogeneous differential equation.
Let, yj:v:y:vx dy :v+xd—v
X dx dx
dv —v* dv v _(V4) 1+v3 dx
v+x[ j 5| = ( j — |-Vi= = 2 dv:—(j
dx 1+v dx 1+v (1+ v3) v X
Integrating both sides, we get

(& = 1(2) = e oot =oab) = 25 g

yD =—(log|x|)+C

3
= —(?)XSJX (Iog|y|) = C s the solution of the given differential equation.
y

Question: 18 [4]

Find the particular solution of the differential equation g—y + y cot x = 4x cosec X, (x # 0), given
X

TT
thaty = 0, when, x = E

Answer:

Step: 1

Given, % + Yy cot X = 4X cosec X
X
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This is a first order linear differential equation. Here p=cot x, and Q=4xcosec X
jpdx = J cotx =log sinx|

log) sinx

Hence,l.LF=¢e =sinx

Step: 2

Hence the solution is y sin x = I{(4x cosec X)x(sinx)dx} +C

or, CoSsecx :.i , then
sinx
. 4X2 2
ysmx=J.4xdx+C=7+C:2x +Curinn, (1)

Step 3

To evaluate the value of C, let us substitute, x = % ,and y=0

sl

2
T

0="+C
2
c—-[™
2
Tl',2
Substituting the value of C in equation (1) we get, ysinx = 2x? 5 This is the required solution.
Question: 19 [4]
(a2 +1) ab ac

Using properties of determinants and prove,| ab (b2 +1) bc |=1+a*+b?+c?

ca cb (c2 +1)
Answer:
(a2 +1) ab ac
Let, |JA|=| ab (b2 +1) bc |, Apply, C, —»aC,, C, —bC,, C, - cC,
ca cb (02 +1)
a(a2 +1) ab? c’a

Let| Al=[ — |x| & b(b>+1) b |,
abc
a’c b2c c(c2+1)

Taking a, b, c common respectively from R;, R,, and R; we get,
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(az +1) b? c?

(AI=(3)] @ (b)) e | by appiying. G Gy C Gy
abc
a2 b* (¢ +1)
Question: 20 [4]

The probability that A hits a target is % ,and the probability that B3 hits it is % . If each one of

A, and B shoots at the target, what is the probability that (**)
i. the target is hit?

Answer:

Let P(A) = Probability that A hits the target =

W=

P(B) = Probability that B hits the target = %

(i) P(target is hit) = P(at least one of A, B hits)
=1 - P (none hits)
2 " 3 9 3
3’5 15 5
ii. exactly one of them hits the target?

Answer:
P(exactly one of them hits) = P(A&éorK&B)
= P(A)xP(B)+P(A).P(B)

7

1 3 2 2
—X—+—X—=—
3 5 35 15

Question: 21 [4]

Find % ,if y*+x’ = a°, where a, b are constants.
X

Answer:

yorx =a (i)

letv =y

u=x’

Taking log on either side of the two equation, we get
logv = x log y, logu =y log x
Differentiating w.r.t.x, we get
ldv __ 1dy N ldu _vy
vdx  ydx "udx X “dx

From (i), we have
u+v=a’
du dv
+ =

—+—=0
dx dx
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=Yy {Xdyﬂog y}+xy [y+logx.dy}:0
y dx X dx

x xdy

=yh= +xy.logx%:-yX log y-xy.X
y dx d

X X
_yX oy YL
_ dy_ -y"logy-x""y
dx y**x+x".logx

Question: 22
If a b, c are three vectors such that a.b=ac and axb=a xc,a=0 , then show that b=c

Answer:

Given a.b=ac

—ab-ac=0 :»5.(6-6) =0 =eitherb=c ora_lb-c
Also given axb=axc

= axb=axc=0 :5><(6-E):0

—al|b-c orb=c

(4]
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Section: C
Questions number 23 to 29 carry six marks each.

Question: 23 [6]

One kind of cake requires 200 g of flour, and 25 g of fat, and another kind of cake requires 100 g
of flour, and 50 g of fat. Find the maximum number of cakes which can be made from 5 kg of
flour, and 1 kg of fat assuming that there is no shortage of the other ingredients used in making
the cakes. Formulate the above as a linear programming problem, and solve graphically.

Answer:

We are given 5kg of flour, and 1 kg of fat. Let x be the number of Cakes of Type-1, and y be the
number of cakes of Type-2 that we can make. Our problem is to maximize x +y. Clearly, x, y 2
0. Let us construct the following table from the given data (all numbers converted from kg to g)

Cakel | Cake2 | Requirements
Flour A 200 100 5000
Flour B 25 50 1000

(1) : 200x +100y <5000 — 2x+y <50
(2): 25x +50y <1000 — x +2y <40
(3):x<0,(4):y<0

Plot the straight lines, 2x+y = 50, and x+2y = 40.

First draw the graph of the line 2x+y = 50. If x = 0, y = 50, and if y = 0, x = 25. So, this is a
straight line between (0,50), and (25,0). At (0,0), in the inequality, we have 0 + 0 = 0 which is< 0.
So the area associated with this inequality is bounded towards the origin.

Similarly, draw the graph of the line x + 2y =40. If x =0,y =20, and if y =0, x = 40. So, thisis a
straight line between (0,20), and (40,0). At (0,0), in the inequality, we have 0 + 0 = 0 which is < 0.
So the area associated with this inequality is bounded towards the origin. Finding the feasible
region: We can see that the feasible region is bounded, and in the first quadrant.

On solving the equations, 2x +y = 50, and x + 2y = 40, we get,
2(40-2y)+y=50 >—80-4y+y=50 »>— -2y =-30 »— y = 10.

If y =10, then x = (50 — 10)/2 = 20 =x=20, y=10=x=20, y=10

Therefore, the feasible region has the corner points (0,0), (0,20), (20, 10), (25,0) as shown in the
figure.

Solving the objective function using the corner point method, the values of Z at the corner points
are calculated as follows:
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Corner Point X+y

0 (0,0) 0
C(0,2) 20
E(20,10) 30 (Max Value)
B(25,0) 25

The maximum number of cakes we can make is 30, 20 of one kinds, and 10 of another.

Question: 24 (6]
Using integration, find the area of the region, {(x, y) : 9x” + -y* >36, and 3x.+ y > 6}

Answer:
Given region is {(x, y): 9x° +y* < 36, and 3x + y > 6}

We draw the curves corresponding to equations,
9x® + y* = 36, or

2 2
X—+y—:1,and
4 9
3X+y =26

The curves intersect at (2, 0), and (0, 6)

-.Shaded area is the area enclosed by the two curves, and is,

[ e o oo | (3oim o 12) [ £

0

2 4,2 N ol _alof®) ol g .
=3HZX\/ﬁJ+(§Sm Ej—(4+§j—0}_3{2(2J 2} 3(n - 2) square units.

Question: 25 [6]
Show that the lines are X3 =¥=1_ Z'5; x+1_y-2_z-
-3 1 5 - 2

of the plane containing the lines.

S coplanar. Also find the equation

Answer:
Given lines are, x+3_y-1_2-5 , and x+1_y-2_2-5
-3 1 5 -1 2 5
(%2 =) (yz_yl) (z2,-2),
These lines will be coplanar if,| a; b, C,
a, b, Cz

(-1+3) (2-1) (5-5)
-3 1 5 =2(5-10) - 1(-15 + 5) = 0. Hence lines are co-planar.
-1 2 5
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(x+3) (y-1) (z-5)
The equation of the plane containing two lines is,| -3 1 5
-1 2 5
= -5(x+3)+10(y-1)-5(z-5)=0
= -5x-15+10y-10-52+25=0
= -5x+10y-52+0=0
=-X+2y-z=0o0rx-2y+z=0

Question: 26 [6]
Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of

radius R is 2—R Also find the maximum volume.

3

Answer:

1

Step: 1

Radius of the sphere =R =R
Let, hh be the diameter of the base of the inscribed cylinder.

Then, h? +x2 =(2R)2

2 2 4
We know volume of a cylinder is nr*h, then, V = T{ij xh = R(XA,th =%x(nx2)xh
Substituting the value of x> we get, V = {i x thx (4r2 - hz)}

From (1) we get, x*>=4R?_-h?, then, V= (nth)[ixTChsj

Step: 2
Differentiating with respect to x
V= (nth)—(l X nhsj

4

N R 3ann? :n{RZ—S(hz)} =0 =R?=2(W?) >h-=
dh 4 4

o %
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Step: 3

2
Also, d—\Z/ =— (3)x 2rh = —{SX(nh)}
dh 4 2
2R 2 - 2R
At, h=— = d—v = (3jx{n(ZRj} =-ve =V is maximum at, h = T

3 dh? |2 3 3
2R 2 2 3
Maximum volume at,h = —= :>1xrc>< (m)x 4R2—£ :>E>< 8R” :>ﬁsq.units.
N 3 3 23 | 3 33

OR

Show that the total surface area of a closed cuboid with square base, and given volume, is
minimum, when it is a cube.

Answer:
Let us assume that the square base has side x, and height h.

Let us assume that given volume of the cuboid, = V = x*h=h =
X

. 2 2 Vv 2, 4V

Now surface area of the cuboid, SA(X) = 2x° +4xh =2x* +4x| — | =2x"+ ="

Taking first derivative to find critical points, we get, Sa’(x) = 4x —

:>4x:g =>x2=V =ox=3¥v
X

Taking second derivative, SA'(x) =4+ oy = SA™(¥V) = 4+% —4+48-12-+Ve
X

Hence, x = IV . Therefore, the surface area is minimum when h = x which implies that the
cuboid is a cube.

Question: 27 [6]
Using matrices, solve the following system of linear equations:
3x-2y+3z=8
2x+y-z=1
4x-3y+2z=4
Answer:
3 -2 3 X 8
A=|2 1 -1|,x=|y|,andB=]1]|,Now, |Al=3(2-3) + 2(4+4) + 3(-6-4) =-17%0
4 -3 2 z 4
. Ais non-singular, its inverse exists, now finding, A™ = [a&rj

For adj(A), we need to find cofactors of each element of A, given below

Cll: -1 ClZ: -8 Clg: -10
Cz]_: -5 C32:9 C33:7

~.adj(A) = transpose of matrix obtained by replacing with its cofactors.
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-1 5 -1
~ adj(A)=| -8 -6 9

10 1 7

. -1 -5 -1

vaAizmMA)z—(l)-e 6 9
' |A| 17

-10 1 7

To solve for x, y, z, we have, X= A™'B

-1 -5 -1][8 ~8-5-4

(1 (1Y . (1

X =- I7) -8 -6 91| =—(5)-64-6+36] = (17
~10 1 7|4 ~80+1+28

~X=1,Y=2,andZ=3

Question: 28
Evaluate j &
’ (x—l)x(x2+1)

Answer:

2
Let, I= X?+x+[%log|x—]jj—(%log‘x2 +1‘%tanj—1x+c

x4 x*—1+1

Suppose {(x—l)x(x2 +1)} ) {(x—l)x(x2 +1)} ) X+1+{(x—

Abomn-———iL———-=(/\J+(BX+CJ:>1=A@2+Q+4Bx+C)a-1)

(x—l)x(x2+1) x-1 X2 +1

Equating coefficients of similar terms.

A+B=0

B+C=0=B=C

A-C=1

:A-B=1:(éi§ig}3A:£:{B_%:C
2A 2 2
8
2 1) ( x+1

Sl= X+1 - = dx

I O )+(X—1) {(ZJX(XZ+1J}

:é;+x+(%bgh—ﬂj—{%XI(;géi}X}_{%xj(xgil

J

|

(6]
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OR
Evaluate, J‘:Dx = +[x—2|+|x— 4|]dx

Answer:
From given equation,

= Ajl(xfl)dx +}1-(x72)dx +Lj1(x72)dx +‘j1(x74)dx

2 4 2 2 2 4 2 ‘
:X—x} +{—X+2x} +X—2x} +{—X+4xj
2 | 2 ) 2 5 2 )

= E—4—1+1 + —2+4+}—2 + E—8—2+4 + —g+16+}—4
2 2 2 2 2 2

123

= 5—} +}+2+4+} =11+
2) 2 2 2

Question: 29 [6]
Two cards are drawn simultaneously (or successively without replacement) from a well shuffled
pack of 52 cards. Find the mean, and variance of the number of red cards.

Answer:
Let, X be the number of red cards drawn. In the pack of 52 cards there are 26 red cards, and 26
black cards. We can draw 3 cards out of 52 in >’C; ways;

. (26C0X26 Cs) 5
Scenario1: P(X=0)=P (nored cardsdrawn)=~— - = _—

2C, 17
. (26 C,x* Cz) 13
Scenario 2: P (X =1) =P (one red card drawn) = -————~ = ——
C, 34
: (26 C,x* Cl) 13
Scenario 3: P (X =2) =P (one red card drawn) = ~—————~ = ——
C, 34
. (26 C, 26 Co) 5
Scenario 4: P (X =2) =P (one red card drawn) = BT =17
3

~ Probability distribution of number of red cards is given by,

Xi 0 1 2 3
Px) | 2 | 18 [ 13 | 2
17 | 34 | 34 | 17
x.Px)| O 13 26 2 3
a Q ﬁ ZXI X P(XI) = 5

= Mean of the distribution is, > x.P(x;) =

N w
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